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Abstrat
For an ellipti urve over Q of analyti rank 1, we use the level-two Selmer variety and se-
ondary ohomology produts to nd expliit analyti dening equations for global integral points
inside the set of p-adi points.
The author must begin with an apology for writing on a topi so spei, so elementary, and so well-
understood as the study of ellipti urves of rank 1. Nevertheless, it is hoped that a ontribution not
entirely without value or novelty is to be found within the theory of Selmer varieties for hyperboli
urves, applied to the omplement X = E \ {e} of the origin inside an ellipti urve E over Q with
ords=1L(E, s) = 1. That is, let E be a regular minimal Z-model for E and X be the omplement in E
of the losure of e. We hoose an odd prime p of good redution for E . The main goal of the present
inquiry is
to nd expliit analyti equations dening X (Z) inside X (Zp).
The approah of this paper makes use of a rigidied Massey produt in Galois ohomology
1
. That is
the étale loal unipotent Albanese map
X (Zp)
jet
2,loc
→ H1f (Gp, U2)
to the level-two loal Selmer variety (realled below) assoiates to point z a non-abelian oyle a(z),
whih an be broken anonially into two omponents a(z) = a1(z) + a2(z), with a1(z) taking values
in U1 ≃ Tp(E) ⊗ Qp and a2(z) in U
3\U2 ≃ Qp(1). Denoting by c
p : Gp→Qp the logarithm of the
p-adi ylotomi harater, we use a Massey triple produt
z 7→ (cp, a1(z), a1(z)) ∈ H
2(Gp,Qp(1)) ≃ Qp
to onstrut a funtion on the loal points of X . Reall that Massey produts are seondary ohomol-
ogy produts arising in onnetion with assoiative dierential graded algebras (A, d): If we are given
lasses [α], [β], [γ] ∈ H1(A) suh that
[α][β] = 0 = [β][γ],
we an solve the equations
dx = αβ, dy = βγ
for x, y ∈ A1. The element
xγ + αy ∈ A2
satises
d(xγ + αy) = dxγ − αdy = 0,
1
The reader is invited to onsult [6℄ for the orresponding onstrution in Deligne ohomology and [22℄ for a Gm-
analogue.
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so that we obtain a lass
[xγ + αy] ∈ H2(A).
Of ourse it depends on the hoie of x and y, so that the produt as a funtion of the initial triple
takes values in
H2(A)/[H1(A)[γ] + [α]H1(A)].
The elements x and y onstitute a dening system for the Massey produt. It is possible, however,
to obtain a preise realization taking values in H2(Gp,Qp(1)) in the present situation, starting from
a non-abelian oyle a = a1 + a2 with values in U2. For this, we make use, on the one hand, of the
omponent a2, whih is not a oyle but satises the equation
da2 = −(1/2)(a1 ∪ a1).
That is to say, the ohain −2a2 is one piee of a dening system, already inluded in the oyle a.
On the other, the equation for the other omponent b of a dening system looks like
db = cp ∪ a1.
At this point, the assumption on the ellipti urve omes into play implying that a1 is the loalization
at p of a global oyle
aglob1
with the property that the loalizations aglob,l1 at all primes l 6= p are trivial. Sine c
p
is also the
loalization of the global p-adi log ylotomi harater c, we get an equation
db = c ∪ aglob1
to whih we may now seek a global solution, i.e., a ohain b on a suitable global Galois group. The
main point then is the deep result of Kolyvagin [18℄ that an be used to dedue the existene of a
global solution
bglob.
Having solved the equation globally, we again loalize to a ohain bglob,p on the loal Galois group at
p. It is then a simple exerise to see that the Massey produt
bglob,p ∪ a1 + c
p ∪ (−2a2)
obtained thereby is independent of the hoie of bglob, giving us a well-dened funtion
ψp : H1f (Gp, U2)→H
2(Gp,Qp(1)) ≃ Qp.
This funtion is in fat non-zero and algebrai with respet to the struture of H1f (Gp, U2) as a
Qp-variety. The main theorem then says:
Theorem 0.1
ψp ◦ jet
2,lo
vanishes on the global points X (Z) ⊂ X (Zp).
This result sues to show the niteness of integral points. However, the matter of real interest is an
expliit omputation of the omposition ψp ◦ jet2,loc. At this point, the exponential map from the De
Rham realization will intervene, and the third setion provides a avor of the formulas one is to expet.
To get expliit expressions we hoose a global regular dierential form α on E and a dierential β of
the seond kind with a pole only at e ∈ E and with the property that [−1]∗(β) = −β. A tangential
base-point b ∈ TeE for the fundamental group of X then determines analyti funtions
logα(z) =
∫ z
b
α, logβ(z) =
∫ z
b
β, D2(z) =
∫ z
b
αβ,
on X (Zp) via (iterated) Coleman integration.
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Corollary 0.2 Suppose there is a point y of innite order in E(Z). Then
E(Z) ⊂ E(Zp)
is in the zero set of
(logα(y))
2(D2(z)− (1/2) logα(z) logβ(z))− (logα(z))
2(D2(y)− (1/2) logα(y) logβ(y)).
We obtain thereby a rather harmonious onstraint on the lous of global integral points, albeit in an
absurdly speial situation. In fat, the theorem itself implies that the funtion of z
(D2(z)− (1/2) logα(z) logβ(z))−
(D2(y)− (1/2) logα(y) logβ(y))
logα(y)
2
(logα(z))
2
is independent of the hoie of y. However, in its present formulation, it requires us to have in hand
one integral point before ommening the searh for others.
Perhaps naively, the author has believed for some time that a satisfatory desription of the set
of global points is possible even for general hyperboli urves, ompat or ane, by way of a non-
abelian Poitou-Tate duality of sorts, oupled to an non-abelian expliit reiproity law (f. [11℄). As
yet, a plausible formulation of suh a duality is unlear, and more so the prospet of appliations
to Diophantine problems. What is desribed in the following setions is a faint projetion of the
phenomenon whose general nature remains elusive, a projetion made possible through the most
stringent assumptions that are ompatible still with statements that are not entirely trivial. For the
tentative nature of this exposition then, even more apologies are in order.
1 Preliminary remarks
Within the stritures of the present framework, it will be suient to work with the Selmer variety
assoiated to U2 = U
3\U , the rst non-abelian level of the Qp-pro-unipotent fundamental group
U := π
u,Qp
1 (X¯, b)
of
X¯ = ×
Spe(Q)Spe(Q¯)
with a rational tangential base-point b pointing out of the origin of E [4℄. Here, the supersript refers
to the desending entral series (in the sense of pro-algebrai groups)
U1 = U, Un+1 = [U,Un]
of U while the subsript denotes the orresponding quotients
Un = U
n+1\U.
In partiular, there are anonial isomorphisms
U1 ≃ H1(X¯,Qp) ≃ H1(E¯,Qp) ≃ TpE ⊗Qp
and an exat sequene
0→U3\U2→U2→U1→0.
The ommutator map indues an anti-symmetri pairing
U1 ⊗ U1→U
3\U2,
3
whih therefore leads to an isomorphism
U3\U2 ≃ ∧2H1(E¯,Qp) ≃ Qp(1)
as representations for G = Gal(Q¯/Q). The logarithm map
log : U→L := LieU
is an isomorphism of shemes allowing us to identify U2 with L2 = L
2\L, whih, in turn, ts into an
exat sequene
0→L3\L2→L2→L1→0.
If we hoose any elements A and B of L2 lifting a basis of L1, then C := [A,B] is a basis for L
3\L2.
Using the Campbell-Hausdor formula, we an express the multipliation in U2, transferred over to L
via the logarithm, as
(aA+ bB + cC) ∗ (a′A+ b′B + c′C) = (a+ a′)A+ (b + b′)B + (c+ c′ + (1/2)(ab′ − ba′))C.
Given suh a hoie of A and B, we will also denote an element of L2 as l = l1+ l2 where l1 is a linear
ombination of A and B while l2 is multiple of C. In this notation, the group law beomes
(l1 + l2) ∗ (l
′
1 + l
′
2) = l
′′
1 + l
′′
2 ,
where l′′1 = l1+ l
′
1 and l
′′
2 = l2+ l
′
2+(1/2)[l1, l
′
1]. We simplify notation a bit and put Z := L
3\L2. The
Lie braket
[·, ·] : L2 ⊗ L2→Z
fators to a bilinear map
L1 ⊗ L1→Z,
whih we denote also by a braket.
Lemma 1.1 Let p be an odd prime. There is a G-equivariant vetor spae splitting
s : L1 →֒L2
of the exat sequene
0→Z→L2
f
→ L1→0.
Proof. Denote by i the involution on E that send x to −x for the group law. The origin is xed and
i indues the antipode map on the tangent spae T := Te(E). In partiular, we get an isomorphism
i∗ : π
u,Qp
1 (X¯, b) ≃ π
u,Qp
1 (X¯,−b).
Consider the πˆ1(X¯, b)-torsor of paths (for the pro-nite fundamental group) πˆ1(X¯ ; b,−b) from b to
−b. By denition, we have
πˆ1(X¯; b,−b) := Isom(Fb, F−b).
Reall briey the denition of Fv for v ∈ T
0 = T \ {0} ([4℄,setion 15). Fv assoiates to any over
Y→X¯, the ber over v of the orresponding over (`the prinipal part')
Pr(Y )→T¯ 0 = T 0 ⊗ Q¯,
of T¯ 0. Now, hoose an isomorphism z : T ≃ A1 that takes b to 1. Then we get an isomorphism
(T 0, b) ≃ (Gm, 1) and the pro-p universal overing of T¯
0
is the pull-bak of the tower
(·)p
n
: G¯m→G¯m.
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But then, the inverse image of −1, that is z−1(−1), in eah level of the tower gives a ompati-
ble G-invariant sequene of elements and trivializes the torsor πˆ1(T¯
0; b,−b). Hene, its image in
πˆ1(X¯; b,−b) will also be a trivialization. We then take the unipotent image of this trivialization to get
an isomorphism t : π
u,Qp
1 (X¯,−b) ≃ π
u,Qp
1 (X¯, b). Note that in the abelianization, we have the anonial
isomorphisms
π
u,Qp
1 (X¯,−b)
ab ≃ H1(E¯,Qp) ≃ π
u,Qp
1 (X¯, b)
ab.
But then t, being given by a path, indues the identity on H1(E¯,Qp). Therefore, we have onstruted
an isomorphism I := t ◦ i∗ : U2 ≃ U2 that lifts the map x 7→ −x on U1. This gives a orresponding
Lie algebra isomorphism
L2 ≃ L2,
whih we will denote by the same letter I. Sine Z ⊂ L2 is generated by the braket of two basis
elements from L1, we see that I restrits to the identity on Z.
Now we dene the splitting by putting
s(x) := (1/2)(x′ − I(x′))
for any lift x′ of x to L2. Sine another lift will dier from x
′
by an element of Z on whih I ats as
the identity, the formula is independent of the lift. We an then use this independene to hek that
the map is linear. If x′ and y′ are lifts of x and y, then λx′ + µy′ is a lift of λx+ µy. So
s(λx+ µy) = (1/2)(λx′ + µy′ − I(λx′ + µy′)) = λ(1/2)(x′ − I(x′)) + µ(1/2)(y′ − I(y′)).
Similarly, if g ∈ G, then g(x′) will be a lift of g(x), so that
s(g(x)) = (1/2)(g(x′)− I(g(x′))) = (1/2)(g(x′)− g(I(x′)) = g(s(x)).
✷
We will use this splitting to write
L2 = L1 ⊕ Z
as a G-representation, so that an arbitrary l ∈ L2 an be deomposed into l = l1 + l2 as desribed
above, exept independently of a spei basis of L1. Using the identiation via the log map, we will
abuse notation a bit and write u = u1 + u2 also for an element of U2.
For any λ ∈ Qp, we then get a Lie algebra homomorphism
m(λ) : L2 ≃ L2
by dening
m(λ)l = λl1 + λ
2l2,
whih is furthermore ompatible with theG-ation. Thus,m(λ) an also be viewed as aG-homomorphism
of U2. We note that the extra notation is used for the moment to distinguish this ation of the mul-
tipliative monoid Qp from the original salar multipliation.
We reall the ontinuous group ohomology [12℄
H1(G,U2) := U2\Z
1(G,U2).
The set Z1(G,U2) of ontinuous 1-oyles of G with values in U2 onsist of ontinuous maps
a : G→U2
suh that
a(gh) = a(g)ga(h).
5
Using the identiation of U2 with L2 = L1 ⊕ Z just disussed, we will write suh a map also as
a = a1 + a2
with a1 taking values in L1 and a2 values in Z. The oyle ondition is then given by
a1(gh) + a2(gh) = (a1(g) + a2(g)) ∗ (ga1(h) + ga2(h))
= a1(g) + ga1(h) + a2(g) + ga2(h) + (1/2)[a1(g), ga1(h)].
In fat, given two ohains c, c′ with values in L1, we dene
(c ∪ c′)(g, h) = [c(g), gc′(h)],
a ohain with values in Z. The oyle ondition spelled out above then says that
(1) a1 is a oyle with values in L1;
(2) a2 is not a oyle in general, but satises
ga2(h)− a2(gh) + a2(h) = −(1/2)[a1(g), ga1(h)],
or, reognizing on the left hand side the dierential of the ohain a2,
da2 = −(1/2)(a1 ∪ a1).
This an be viewed as a Galois-theoreti Maurer-Cartan equation [7℄. So even when we have split
the Galois ation at this rst-nonabelian level, the non-abelian group struture imposes a twist on
ohomology. The ohomology set is then dened by taking a quotient under the ation of U2:
(u · a)(g) = ua(g)g(u−1).
This disussion arries over verbatim to various loal Galois group Gl = Gal(Q¯l/Ql) as l runs over the
primes of Q, whih all at on U via the inlusion Gl→G indued by an inlusion Q¯→֒Q¯l, and leading
to the ohomology sets H1(Gl, U2).
Now we hoose p to be an odd plae of good redution for E and denote by T the set S ∪ {p},
where S is a nite set of plaes that ontains the innite plae and the plaes of bad redution for E.
We let GT = Gal(QT /Q) be the Galois group of the maximal extension of Q unramied outside T .
In previous work [3, 12, 13, 14, 15, 16℄, we have made use of the Selmer variety
H1f (G,U2) ⊂ H
1(GT , U2) ⊂ H
1(G,U2).
By denition, H1f (G,U2) onsists of ohomology lasses that are unramied outside T and rystalline
at p. Assoiating to a point x ∈ X(Q) the torsor of paths
π
u,Qp
1 (X¯ ; b, x)
denes a map
X(Q)→H1(G,U2)
that takes X (ZS) ⊂ X(Q) to H
1
f (G,U). In fat, let l 6= p, and Gl := Gal(Q¯l/Ql). Then on the
globally integral points, the map
X (Z)→H1f (G,U2)→H
1(Gl, U2)
is trivial. This was essentially shown in [16℄. What is shown there is that the image fators through
the map
H1(Gl/Il, U
Il
2 )→H
1(Gl, U2),
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where Il ⊂ Gl is the inertia subgroup. But for both U1 and Z, the Frobenius element in Gl/Il ats
with stritly negative weights, and hene,
H1(Gl/Il, Z
I) = H1(Gl/Il, U
I
1 ) = 0,
from whih we dedue that
H1(Gl/Il, U
Il
2 ) = 0.
Denote by
H1f,Z(G,U2) ⊂ H
1
f (G,U2)
the ne Selmer variety, dened to be the intersetion of the kernels of the loalization maps
H1f (G,U2)→H
1(Gl, U2)
for all l 6= p. Then the previous paragraph says that the image of
X (Z)→H1f (G,U2)
lies inside
H1f,Z(G,U2).
The ation of Qp disussed above indues an ation on H
1
(·)(·, U2) for any of the groups under
disussion, whih we will denote simply as left multipliation (sine here, the danger of onfusion with
the original salar multipliation does not arise). At the level of oyles,
λa = λa1 + λ
2a2.
2 Constrution
(i) Global onstrution
Let χ : GT→Z
∗
p be the p-adi ylotomi harater and c := logχ : GT→Qp, regarded as an
element of H1(GT ,Qp). For any point x ∈ X (ZS), let a(x) be a oyle representing the lass of
π
u,Qp
1 (X¯; b, x) in H
1(GT , U2). Write
a(x) = a1(x)1 + a1(x)
as indiated in the previous setion. Then c∪a1(x) represents a ohomology lass in H
2(GT , L1). But
if we onsider the loalization map
0→X2T (L1)→H
2(GT , L1)→⊕v∈T H
2(Gv, L1),
we see that
H2(Gv, L1) ≃ H
0(Gv, L1)
∗ = 0
for all v. On the other hand, the kernel X2T (L1) is dual to the kernel X
1
T (L1) of the H
1
-loalization
0→X1T (L1)→H
1(GT , L1)→⊕v∈T H
1(Gv, L1),
whih then must lie inside the Qp-Selmer group
H1f,0(G,L1) := (lim←−
n
Sel(E)[pn])⊗Qp.
However, beause of our assumption ords=1L(E, s) = 1, we know that the Tate-Shafarevih group of
E is nite [18℄, and that
E(Q)⊗Qp ≃ H
1
f,0(G,L1).
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Hene, there is an injetion
H1f,0(G,L1)→֒H
1(Gp, L1),
from whih we dedue that X
1
T (L1) = 0. We onlude that H
2(GT , L1) vanishes, allowing us to nd
a ohain bx : GT→L1 suh that
dbx = c ∪ a1(x).
Dene a two-ohain
φx : GT ×GT→Z
by putting
φx = bx ∪ a1(x)− 2c ∪ a2(x).
Lemma 2.1 φx is a oyle.
Proof. Sine a(x)1 and c are oyles, we have
dφx = dbx ∪ a(x)1 + 2c ∪ da(x)2 = c ∪ a(x)1 ∪ a(x)1 − c ∪ a(x)1 ∪ a(x)1 = 0.
✷
Our onstrution of φx depends on the auxiliary ohain bx, and hene, gives a lass
[φx] ∈ H
2(GT , Z)/[H
1(GT , L1) ∪ a1(x)].
Lemma 2.2 The lass [φx] is independent of the hoie of oyle a(x).
Proof. Obviously, the subspae H1(GT , L1)∪ a1(x) depends only on the lass of a1(x), and hene, on
the lass of a(x). Now we examine the ation of U2. To redue lutter, we will temporarily suppress
x from the notation for the ohains. Write u = u1 + u2. Then
ua(g)g(u−1) = (u1 + u2) ∗ (a1(g) + a2(g)) ∗ (−gu1 − gu2)
= (u1 + a1(g) + u2 + a2(g) + (1/2)[u1, a1(g)]) ∗ (−gu1 − gu2)
= a1(g) + u1 − gu1 + a2(g) + u2 − gu2 + (1/2)[u1, a1(g)]− (1/2)[a1(g), gu1]− (1/2)[u1, gu1].
The L1-omponent of this expression is a1−du1, where we view the element u1 ∈ L1 as a zero-ohain.
Thus, the previous hoie of bx an be hanged to bx + c ∪ u1, sine
d(c ∪ u1) = dc ∪ u1 − c ∪ du1 = −cdu1.
The resulting two-oyle hanges to
(bx + c ∪ u1) ∪ (a1 − du1)− 2c ∪ a2 + 2c ∪ du2 − c ∪ r + c ∪ s+ c ∪ t
= φx + [c ∪ u1 ∪ a1 − bx ∪ du1 − c ∪ u1 ∪ du1 + 2c ∪ du2 − c ∪ r + c ∪ s+ c ∪ t],
where r, s, t are the funtions GT→Z dened by
r(g) = [u1, a1(g)], s(g) = [a1(g), gu1], t(g) = [u1, gu1].
Within the disrepany, the term 2c ∪ du2 = −2d(c ∪ u) is learly a o-boundary. Also, we see that
t = u1 ∪ du1, ridding us of two terms. We have
c ∪ u1 ∪ a1(g, h) = [c ∪ u1(g), ga1(h)] = [c(g)gu1, ga1(h)],
while
c ∪ r(g, h) = c(g)gr(h) = c(g)g[u1, a1(h)] = c(g)[gu1, ga1(h)],
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ausing two more terms to anel eah other. Finally, it remains to analyze the dierene c∪s−bx∪du1.
But
d(bx ∪ u1) = dbx ∪ u1 − bx ∪ du1,
so that up to a o-boundary, we an replae bx ∪ du1 by dbx ∪ u1 = c∪ a1 ∪ u1. We an then ompute
the value
c ∪ a1 ∪ u1(g, h) = [c ∪ a1(g, h), ghu1] = [c(g)ga1(h), ghu1],
whih is veried to be equal to
c ∪ s(g, h) = c(g)gs(h) = c(g)g[a1(h), hu1] = c(g)[ga1(h), ghu1].
Therefore, the dierene c ∪ s− bx ∪ du1 is a oboundary. ✷
Given a global ohomology lass or ohain s, we will denote by sl its loalization at the prime l,
that is, its restrition to Gl.
Lemma 2.3 The subspae H1(GT , L1) ∪ a1(x) of H
2(GT , Z) is zero.
Proof. Beause a1(x) is the lass of a point and we are taking Qp-oeients, a1(x)
l = 0 for all l 6= p.
Thus, for any r ∈ H1(GT , L1), we have (r∪a1(x))
l = 0 for all l 6= p. This is of ourse also true for the
arhimedean omponent sine p is odd. Thus, the only possible omponent of r ∪ a1(x) that survives
is at p, whih then must be zero sine
∑
v
(r ∪ a1(x))v = 0.
Beause we also have an injetion
0→H2(GT ,Qp(1))→֒ ⊕v H
2(Gv,Qp(1)),
we see that r ∪ a1(x) = 0. ✷
We atually have therefore a well-dened lass
[φx] ∈ H
2(GT , Z).
Lemma 2.4 Let l 6= p. Then
[φx]
l ∈ H2(Gl, Z)
an be omputed loally in the following sense: Choose any loal representative t(x) for the lass [a(x)]l,
and let s : Gl→L1 be any loal ohain suh that ds = c
l ∪ t1(x). Then
[φx]
l = [s ∪ t1(x) − 2c
l ∪ t2(x)].
Proof. The lass modulo
H1(Gl, L1) ∪ t1(x)
will learly be independent of the hoie of t and s. Sine [t1(x)] = [a
l
1(x)], we have
H1(Gl, L1) ∪ t1(x) = H
1(Gl, L1) ∪ a1(x).
But, as we pointed out above, al1(x) is the trivial lass. Therefore, the lass inH
2(Gl, Z) is independent
of the hoies. In partiular, loal hoies s and t will give the same lass as the loalization of the
global hoies a and b. ✷
(ii) Loal onstrution
We will now make use of a point y ∈ E(Q) of innite order. Given any lass s ∈ H1f (Gp, U2), its
omponent s1 ∈ H
1
f (Gp, U1) is a Qp multiple of a
p
1(y):
s1 = λ(s)a
p
1(y),
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for some λ(s) ∈ Qp. In partiular, s1 = x
p
1 for some oyle x1 : GT→L1 suh that [x1]
l = 0 for all
l 6= p. By the theorem of Kolyvagin ited earlier, the equation
db = c ∪ (λ(s)x1)
has a solution bglob : GT→L1. Thus, we get a lass
ψp(s) := [bglob,p ∪ s1 − 2c
p ∪ s2] ∈ H
2(Gp, Z)/[lop(H
1(GT , L1)) ∪ s1]
sine two hoies of bglob will dier by an element of H1(GT , L1). But
lop(H
1(GT , L1)) ∪ s1 = lop(H
1(GT , L1)) ∪ a
p
1(y) = lop((H
1(GT , L1)) ∪ a1(y)) = 0
by Lemma 2.3. Therefore, we have a well-dened lass
ψp(s) ∈ H2(Gp, Z).
The following lemma is straightforward from the denitions:
Lemma 2.5 Let x ∈ X (ZS). Then
ψp(ap(x)) = [φx]
p.
Now we an give the
Proof of theorem 0.1
If x ∈ X (Z), then we know that [al(x)] = 0 for all l 6= p. By lemma 2.4, this implies that [φx]
l = 0
for all l 6= p, and hene,
ψp(ap(x)) = [φx]
p = 0.
✷
Any lass s ∈ H1f (Gp, U2) lies over the same point in H
1
f (Gp, U1) as λ(s)a
p(y) 2. By the exat
sequene [16℄
0→H1f (Gp, Z)→H
1
f (Gp, U2)→H
1
f (G,U1),
the two lasses then dier by the ation of an element of H1f (Gp, Z) whih we denote by
λ(s)ap(y)− s ∈ H1f (Gp, Z).
Using the point y, we get the following alternative desription of the funtion ψ:
Lemma 2.6
ψp(s) = λ(s)2ψp(y) + 2(cp ∪ (λ(s)ap(y)− s)).
Proof. Let b : GT→Λ1 be a solution of
db = c ∪ a1(y).
Then
d(λ(s)b) = c ∪ (λ(s)a1(y))
and
(λ(s)b)p ∪ s1 = (λ(s)b)
p ∪ (λ(s)ap1(y)) = λ(s)
2bp ∪ ap1(y).
Therefore,
ψp(s) = λ(s)2bp ∪ ap1(y)− 2c
p ∪ s2
= λ(s)2(bp ∪ ap1(y)− 2c
p ∪ ap2(y)) + 2(λ(s)
2cp ∪ ap2(y)− c
p ∪ s2)
2
Take are that this multipliation now refers to the Qp-ation disussed in the previous setion.
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= λ(s)2ψp(y) + 2(cp ∪ (λ(s)ap(y)− s)).
✷
Fix now the isomorphism Z ≃ Qp(1) indued by the Weil pairing < ·, · >, that is, that takes [x, y]
to < x, y >, whih then indues an isomorphism
T : H2(Gp, Z) ≃ Qp
and gives us a Qp-valued funtion
T ◦ ψp : H1f (Gp, U2)→Qp.
We will sometimes suppress T from the notation and simply regard ψp as taking values in Qp. From
the denition, we see that for any λ ∈ Qp,
ψpy(λa
p(y)) = λ2T (φpy),
while for r ∈ H1f (Gp, Z), we have
ψpy(r) = −T (c
p ∪ r).
Thus, when we take z ∈ Z∗p with a ohomology lass
k(z) ∈ H1f (Gp,Qp(1))
oming from Kummer theory that we identify with a lass in H1f (Gp, Z), then
ψpy(z) = − logχ(Recp(z)),
where Recp is the loal reiproity map. Sine χ(Recp(z)) = z, we get
ψpy(k(z)) = − log z ∈ Qp.
In partiular, the map is not identially zero. In fat, it is far from trivial on any ber of
H1f (Gp, U2)→H
1
f (Gp, U1).
With respet to the struture ofH1f (Gp, U2) as an algebrai variety, ψ
p
is in fat a non-zero algebrai
funtion, as we see in a straightforward way by dening it for points in arbitrary Qp-algebras (as in
[12℄). Sine there is a Coleman map
jet2,loc : X (Zp)→H
1
f (Gp, U2)
with Zariski dense image for eah residue disk [13℄, Theorem 0.1 yields the niteness of X (Z). As
mentioned in the introdution, the obvious task of importane is to ompute the funtion
ψp ◦ jet2,loc
on X (Zp), whose zero set is guaranteed to apture the global integral points.
3 Preliminary formulas
There is a ommutative diagram [13℄
X (Zp)
jet
2,loc
✲ H1f (G,U2)
UDR2 /F
0
≃
❄
j dr/
cr
2
✲
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bringing the De Rham fundamental group UDR = πDR1 (XQp , b) and its quotient U
DR
2 = U
DR/U3 into
our onsideration. The isomorphism
H1f (G,U2) ≃ U
DR
2 /F
0
is a non-abelian analogue of the Bloh-Kato log map. There is atually a larger ommutative diagram
X (Zp)
jetloc✲ H1f (G,U)
UDR/F 0
≃
❄
j d
r/
cr
✲
out of whih the level-two version is obtained by omposing with the projetion
U→U2.
The map jetloc is just a loal version of the map realled in the previous setion, while j
dr/cr
as-
soiates to eah point x ∈ X (Zp), the U
DR
-torsor πDR1 (XQp ; b, x), and hene, orresponds to a
point jdr/cr(x) ∈ UDR/F 0 [13℄. The point is desribed expliitly as follows. One hooses an ele-
ment pH ∈ F 0πDR1 (XQp ; b, x). On the other hand, there is a unique Frobenius invariant element
pcr ∈ πDR1 (XQp ; b, x). Then j
dr/cr(x) the oset of the element u suh that pcru = pH . In [13℄ we
gave a desription of a universal pro-unipotent bundle with onnetion on XQp . Let α be an invariant
dierential 1-form on E and let β be a dierential of the seond kind with a pole only at e suh that
[−1]∗(α) = −α and [−1]∗(β) = −β. (Of ourse the rst ondition is automati.) Let
R := Qp << A,B >>= lim←−
Qp < A,B > /I
n,
where Qp < A,B > is the free-nonommutative Qp-algebra on the letters A,B, and I ⊂ Qp < A,B >
is the augmentation ideal. Thus, Qp < A,B > is spanned by words w in A and B, while the elements
of R are innite formal linear ombinations
∑
cww
in suh words with oeients cw ∈ Qp. Using this we an onstrut the free OXQp -module R =
OXQp ⊗R together with the onnetion
∇f = df − (Aα+Bβ)f,
for an element f ∈ R. If we hoose the element 1 ∈ Rb = R as the initial ondition, then the element
pcr(1) ∈ Rx orresponding to it is given by
G(x) =
∑
w
∫ x
b
aww,
where aw is the symbol
αn1βm1 · · ·αnkβmk
if w is the word
An1Bm1 · · ·AnkBmk ,
and the integral symbol orresponds to iterated Coleman integration ([8℄, [2℄ Prop. 4.5). This is
normalized by the onvention
d(
∫
αaw) = (
∫
aw)α, d(
∫
βaw) = (
∫
aw)β.
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To reall the detailed desription, we need to hoose a loal oordinate z at e ∈ E suh that d/dz =
b. Furthermore, x Iwasawa's branh of the p-adi log. This determines a ring Acol(]e[)(log z) of
logarithmi Coleman funtions in the residue disk ]e[ of the origin of E, and there is a unique element
(see op. it.) Gb ∈ Acol(]e[)(log z)⊗R haraterized by the property ∇G = 0, together with the initial
ondition speifying that when we write
Gb = Gb0 +G
b
1 log z +G
b
2(log z)
2 + · · · ,
we have Gb0(0) = 1. Then analyti ontinuation along the Frobenius produes an element
Gx ∈ Acol(]x[)⊗R
in the residue disk ]x[ ompatible with Gb, and
G(x) := Gx(x).
There is a o-multipliation
∆ : R→R⊗R
determined by
∆(A) = A⊗ 1 + 1⊗A, ∆(B) = B ⊗ 1 + 1⊗B,
with respet to whih G(x) is group-like, i.e., satises
∆(G(x)) = G(x) ⊗G(x).
Thus, G(x) orresponds to a Qp point of π
DR
1 (XQp ; b, x) = Spe(R
∗), where
R∗ := lim
−→
Hom(R/In,Qp).
The struture of R∗ an also be eluidated as the free Qp-vetor spae generated by the funtions
αw suh that αw(w
′) = δww′ . Another desription of R
∗
is as the H0 of the irular redued bar
onstrution ([10℄, setion 3)
H0(B(TW (G(Ω∗EQp (log e))),Qp)),
where TW (G(Ω∗EQp (log e))) is the Thom-Whitney onstrution TW (·) on the Godement resolution
G(·) of ΩEQp (log e) [17, 19℄, the sheaf of dierential forms on EQp with log poles along e, and the Qp
is the TW (G(Ω∗EQp (log e)))-bi-module obtained by evaluation at b and x. We have a multipliative
quasi-isomorphism of sheaves of ommutative dierential graded algebras [5℄
Ω∗EQp (log e)→j∗Ω
∗
XQp
,
where j : X →֒E is the inlusion. The Hodge ltration F on the left is ompatible with the pole-
ltration P on the right, where
P 0j∗Ω
∗
XQp
= [OEQp (e)→ΩEQp (2e)],
and
P 1j∗Ω
∗
XQp
= [0→Ω1EQp (e)].
Thus, we have ltered quasi-isomorphisms
TW (G(Ω∗EQp (log e))) ≃ TW (G(j∗Ω
∗
XQp
)).
But the latter admits a ltered quasi-isomorphism
Ω∗XQp (XQp)→TW (G(j∗Ω
∗
XQp
)),
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where the pole ltration on the left hand side has simply
P 1Ω∗XQp (XQp) = [0→Ω
1
EQp
(EQp)].
Therefore, F 1 of the Hodge ltration on R∗ is generated by the αw suh that w ontains at least one
A. Hene, the Hodge ltration on R has F 0 generated by the elements Bn. Therefore, with respet
to the basis {A,A2, AB,BA} of UDR2 /F
0
, we an express j
dr/cr
2 as
j
dr/cr
2 (x) = 1 +
∫ x
b
αA +
∫ x
b
α2A2 +
∫ x
b
αβAB +
∫ x
b
βαBA.
This map as well is onveniently expressed in terms of the logarithm logUDR→LDRas
log jdr/cr(x) =
∫ x
b
αA+ (
∫ x
b
αβ − (1/2)(
∫ x
b
α)(
∫ x
b
β))[A,B].
Introduing the notation
logα(x) =
∫ x
b
α, logβ(x) =
∫ x
b
β, D2(x) =
∫ x
b
αβ,
we an also write this as
log jDR(x) = logα(x)A + (D2(x) − (1/2) logα(x) logβ(x))[A,B].
Regarding the Qp-ation, our hoie of α and β implies that the automorphism of L
DR
2 indued by
the involution of setion 1 is simply
A 7→ −A, B 7→ −B,
so that A and B are basis elements ompatible with the grading on L2. In partiular, the Qp-ation
an be desribed as
m(λ)A = λA, ,m(λ)B = λB, m(λ)[A,B] = λ2[A,B].
Given the lass a(x) ∈ H1f (Gp, U2) of a point x ∈ X (Zp), the number λ suh that a1(x) = λa
p
1(y) an
be written as
λ = logα(x)/ logα(y),
sine the logarithm is a group homomorphism. On the other hand, we have
log j
dr/cr
2 (x) = logα(x)A + (D2(x) − (1/2) logα(x) logβ(x))[A,B]
logλj
dr/cr
2 (y) = λ logα(y)A+ λ
2(D2(y)− (1/2) logα(y) logβ(y))[A,B]
= logα(x)A + λ
2(D2(y)− (1/2) logα(y) logβ(y))[A,B].
So the element in ZDR representing the dierene is
[(logα(x)/ logα(y))
2(D2(y)− (1/2) logα(y) logβ(y))− (D2(x)− (1/2) logα(x) logβ(x))][A,B].
Using the (Bloh-Kato) exponential notation for the isomorphism
Exp : UDR2 /F
0 ≃ H1f (Gp, U2),
we see then that a formula for the funtion ψp ◦ jetloc is given by
ψp ◦ jetloc(x) = (logα(x)/ logα(y))
2T (ψp(y))+
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2[(logα(x)/ logα(y))
2(D2(y)−(1/2) logα(y) logβ(y))−(D2(x)−(1/2) logα(x) logβ(x))]T (c∪Exp([A,B])).
Therefore, obtaining a `onrete' expression for this funtion redues to the omputation of a single
T (ψp(y))
and
T (c ∪ Exp([A,B])).
The latter is found in a rather straightforward manner. The key point is that the map
Het1 (Gm,Qp ,Qp) ≃ Z →֒U
et
2
is indued by the restrition funtor
r : Cov(X¯)→Cov(T¯ 0)
mentioned in setion 1. Similarly, the map
HDR1 (Gm,Qp) ≃ Z
DR →֒UDR2
is indued by a restrition funtor
rDR : Un(X)→Un(T 0),
on ategories of unipotent bundles with onnetion. The onstrution of rDR takes a bundle (V,∇)
and assoiates to it rst the anonial extension
(V¯ , ∇¯)
whih is a log onnetion
∇¯ : V¯→ΩE(log e)⊗ V¯ ,
on E, and then its residue
Res(∇) : Ve→Ve,
whih is an endomorphism of the ber Ve. The value r
DR(V,∇) is then just the trivial bundle Ve on
T 0 equipped with the onnetion
d−Nd/dt
for any hoie of linear oordinate on T suh that t(0) = 0. Let us ompute rDR for R/I3. In a formal
neighborhood of e, we an solve the equation
dv = β
and make the gauge transformation indued by 1 − vB. Then the onnetion form with respet to
this gauge beomes
(1− vB)(αA + βB)(1 + vB + v2B2) + (−dvB)(1 + vB + vB2)
= (αA + βB − vαBA− vβB2)(1 + vB + v2B2)− dvB − vdvB2
= αA+ βB − vαBA− vβB2 + vαAB + vβB2 − dvB − vdvB2
= αA+ vα[A,B] − vdvB2.
modulo I3. From this, we see that the residue is
Res(vα)[A,B]
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with Res(vα) ∈ Z∗p. This residue an be easily identied with the Serre duality pairing < α, β >. In
any ase, the onnetion rDR(R/I3) is the bundle OT 0 ⊗R/I
3
with onnetion
d−Res(vα)[A,B]d/dt.
The universal unipotent onnetion on T 0 is
OT 0 ⊗Qp[[C]]
with onnetion form
d− Cd/dt.
So the map
C 7→ Res(vα)[A,B]
realizes the map
πDR(T 0, b)→UDR2 .
In partiular, this map ts into the ommutative diagram:
πDR(T 0Qp , b)
✲ UDR2 /F
0
H1f (Gp, π
Qp,et
1 (T¯
0, b))
Exp
❄
✲ H1f (Gp, U2).
Exp
❄
We analyze the left vertial arrow. Fix the linear oordinate t : T→A1 suh that t(0) = 0 and t(b) = 1.
This indues isomorphisms
πQp,et(T¯ 0, b)) ≃ Qp(1)
πDR(T 0Qp , b) ≃ H
DR
1 (Gm,Qp).
The isomorphism
H1f (Gp,Qp(1)) ≃ H
DR
1 (Gm,Qp)
takes the lass k(x) of x ∈ Z∗p to the lass of
∫ x
1
dt/tC = log(x)C.
On the other hand,
T (c ∪ k(x)) = c(Recp(x)) = logχ(x) = log x.
Thus, we see that T (c∪Exp(C)) = 1. Therefore, from the previous ommutative diagram, we dedue:
Proposition 3.1
T (c ∪ Exp[A,B]) = Res(vα)−1.
The omputation of T (ψp(y)) in general appears to be somewhat diult. Perhaps some progress
is possible through the theory of p-adi uniformization when p is a split-semi-stable prime, for whih
a generalization of the loal Selmer theory will be neessary. In that ase, it will be natural to take
y the trae of a Heegner point oming from a Shimura urve uniformization, and some relationship
between the various quantities and L-funtions should emerge, suh as
(logα y)
2 = (1/2)(d2/dk2)Lp(E, k, k/2)k=2,
whih appears in [1℄.
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One ase that is tratable right now is when we already have an integral point y of innite order
in hand, beause then T (ψp(y)) = 0. Corollary 0.2 is an immediate onsequene.
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